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ABSTRACT

In a recent paper , Proechan and Singpurwalla ( 1978) have proposed a
new approach for making inferences from accelerated life tests. Their
approach is significantly different from those that have been considered
in the peat , and is motivated by what is actually done in practice . A
priori information which is generally available to the engineer is incor-
porated under their approach by adopting a Bayesian point of view. The
usual assunptions about the failure distributions end the acceleration
functions , which are appealing from a statistical point of view, have
been sacrificed to achieve greater reality.

In this paper , we apply this new approach to some real life data
arising from an accelerated life test. In the process , we explain our
new approach in a manner which makes it easy to understand and apply by
the reliability practitioner.
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1. Xntroductj on.

In practice, long life items are subjected to l~irger than normal
stresses in order to obtain failure data in a short amount of test time .

Such tests are called ar~ce1erated or overstress life tests , and the goal

is to make inferences about the life distribution ‘of the items at the

normal stress levels using failure data from accelerated tests.

The current approach to this problem Involves making assumptions

about the distribution of failure times, and about the functional rela-

tionship between the parameters of the failure distribution and the applied

stress. Such a relationship is known as an acceleration function or a

time transformation function; examples of these are, the Power Law, the . 
I

Arrhenius Law, the Eyring Law , etc . • Another assumption c~~~only made

states that at all stress levels, the failure times are governed by dis-

tributions which are members of the same parametric faimily , such as en

exponential or a Weibu.U. These assumptions, though appealing from a

statistical point of view, may be unreasonable In many practical situations.

Of particular concern Is the last assumption. The different stress levels

may have different effects on the “failure mechani sms” , and thus from an

engineering point of view, it may be more realistic to allow for differ-

ent forms of the failure distribution at the different stress levels.

In a recent poper , Proachan and Singpurwalla ( 1978) (hereafter re-

fereed as P8(1978)) have proposed a new approach for making inferences

from accelerated life tests which requires neither distributional assump—

ticns nor the specification of a time transformation function . Rather ,( their approach is Bayesian, and is motivated by procedures actually used

ii 
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in practice by reliability engineers. The Bayesian point of view enables
a user to incorporate some a priori information which is available in
accelerated life tests.

In Section 2 we shall review the pragnatic Bayesian approach to ac—
celerated life testing by P8(1978) , and present It in a manner which
makes it easy to understand. In Section 3 we shall demonstrate the use-
fulness of this approach by applying it to some real life data on accel—
crated life tests presented in Nelson (1970).

Our objective in writing this paper is to make this new approach to
accelerated life testing accessible to the reliability engineer , and to

• demonstrate its usefulness by applying it to a realistic situation.

.1

I
I , ~?, .ji 
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2 • A Pragmatic Bayesian Approach to Accelerated Life Testing

We shall denote the k accelerated stresses (environments) by -

L~. Ni, N2, ..., E.~, end the normal or use conditions stress ( environment)

• byB~. Let

(2.1)

where ‘ denotes the fact that is more severe than •

Let F
3 be the failure distribution of the items tested under environ-

ment N3, end let )t
3

(x) denote the failure rate of F
3 at time point x � 0.

Because of condition (2.1) it is logical from a physical point of

view to assume that for any x � 0 ,

� A2(x) � ... � A~ (x) � (2.2)

Using failure data ~obta1ned under N1, E2, ...,  E~ , we would like to obtain

A
3

(x) , an estimate of A3(x), 3 — 1, 2, . . .,  k, such that for some

0 � L C •, and all x c  (0, 1],
\

• a it et a

A1( x) � A2(x) � ... ~ A~( x) .  (2.3) \ .~

The notation x I denotes the f*ct that X is stochastical].y lar ger ‘

~~
.

• then!; that js

P (X x] PC! xJ for all x.

In order to obtain estimators 7i
3

(z) , 3 — 1, 2 , ..., k iehich satisfy

(2.3) , vs shall use a Bayesian approach. Under thi s appro ach, condition

• •;-~~~•~~~,, .~~~~ • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
•
•
-

~~ •~~~~~~~~~~~~~ •;~~~ , ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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• (2.2) is incorporated as a prior assumption. However , we shall first

• define the “average failure rate ” and discuss its Bayesian estimation

unconstrained by (2.2).

2.1. A Bayesian Estimation of the Average Failure Rate.

Let N
3
(t ) be the nimther of items undergoing life test at time t

under environma’nt E~. Divide the time interval Co , L] into sub-intervals

of l e i gth h >O , wb er e h is  chosen to makeLamult ip l e of h. Thus , the

total number of sub—intervals is L/h .

For convenience , we shall introduce the following notation:

the time point Ci — 1)h , i 1, 2 , •.., CL/b) . j
(t~~, t~ + h) — the jtht~~~ interval

N — the number of items exposed to the environment E at time t
3, 3

A the fsilure rate of F a t tj, i 3 i

x - the number of failures in the ith time interval under
environment N

3

- the probability of failure of a unit in the ith time Interval
under environMent N

3.

Let
p

• ill. — P.j, i — i—i ,

thin p
4 is the conditional probability that an item which has survived

to time t~ will fail by time t~ viii fail by time t~ + h. We can also

• 
~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _____________________________________
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interpret as the average failure rate over the interval Et1, t1 + h) .

If we assume that the~s are no withdrawals, removals, or censoring, then

N 31 1 — x3 1 ,  i 1, 2, • . .,  CL/h).

Our Bayesian analysis involves assigning prior distributions to the

average failure rates . Suppose that the p~ ~
, i — 1, 2, • . . ,  (L/h) , are

a priori independent bet a random variables with prior parameters a and

so that their marginal densities are

B— l
f(p~~1) r (a) r(~~) ( . ) cz—l(~ — 

~~~~~ 
~

Then , given the R
u ’s and the X

j i
’S , the posterior density of

~~~~ ~~,2’ ~~~L/h)~ 
is (cf.  P6( 1978)]

( L/h ) F( a + a + N ) ~ ~~ —x -.1
fl .1 i 1 i 

( * )
U4~Xj i 1(i — * 3 3,1 j ,~ (2 I i)r(~ + xj i )r ~~~+ . N3 i  — Xj j ) j,i ‘ 3,i

2.2. A Bayesian Estimation of the Ordered Average Failure Rates.

In the Bayesian context , condition (2.2) leads us to the requirement

that for every fixed value of I , p~_1~~ 
¶t P~,j for 3 — 2 , 3, . . . ,  k.

• Thus, the prior distributions of p’ 1 i and p’ viii have to be3— , 3,1

chosen so as to ensure that

P(p* ,, 
~ 

� p] � P[p* 
~ 

� p] for all p, 0 ~ p ~ 1. (2.5)3—..,. 3 ,...

- -~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~i :  -~~~~~~~~ -~~~
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One way of achieving the above condition is to require (see P8(1978),

1: Appendix A) that

� B3_1 for 3 = 2, 3, . . .,  k.

To be assured that Condition (2 . 5)  is also satisfied with respect

• to the j osterior distributions of P~_1,1 and ~~~~~ it is sufficient that

for every fixed value of i,

x
s,i 

� xj_ ] .,i

and (2.6)

+ N
3 ~ 

— x3 ,~ 
� B3_1 + N

3 .11 —

for 3 = 2, 3, ...,  k.

The first part of condition (2.6) states that the nuiflber of failures
in the int erval (t i, t~ + h)  under environment E~ must not be greater than

the rnmg,er of failures in the same interval under environment E , for

all, values of 3. Furthermore, as is discussed in P8( 1978) , a reasonable
stra~e~ r is to have more items initially on test under the more severe
environment B 

~, 
than under the environment B , so that N 1 < N 1 13 3 3,  3— ,

for all 3.
Since N

3 ,~~ 

— N
3 ,i 1  — x3,~_1, the second pert of condition (2.6)

can be written as

+ ~~~~~~~ � 8
3 

+ ~~~~~~ for 3 — 2 , 3 , . . .,  k.

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
� •-j t ~ ~~
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Thus for every fixed value of 4 , the number surviving at the start of the

Ci + 1) st interval plus the prior L~rameter ~~~~ for the environment

must be not greater than the corresponding sum for the environment E
3 .

Since the number of failures in a particular interval is a function of

the severity of the environment and the number on test , and since

� 8~,,  a reasonable strategy - is t~ choose 8~_~ 
<

Thus, the prior parameters 8j —l and are indicative of the relative

severity of the environmental conditions E3_1 and E~. Because of condi—

tion (2.1) :

a1 8~ • • •

with the values of the 8~ ’s being indicative of the severity of the E
3 ’s.

If the pri or parameters B , the ~ai1ure data x , ,  and the N i ~~~3 j ,j . 3,
such that condition (2.6) is satisfied for every fixed value of i , then

the stochastic ordering condition (2.5) will, be automatically satisfied

with respect to the posterior distribution of p~ , •.., ~“ (L/h ’~ 
If

, I

this is not the case , then we shall “pool” the adj acent violators using

the pooling procedure described below ~ the purpose is to eliminate vio—

• lations of (2.6) .

2.3. The Pooling of Adj acent Violators.

The procedure for pooling adj acent violators described here is conmonly

used in isotonic re~~ession; see Barlow , Bartholomev,Brenner and Brunk (1972).

-- 
•• ~~~~~~~~~~~~~~~~~ •

• 
• ~~



I
Consider the time interval ((i—1)h , ih); by Condition (2.6) we require

� X
2,

~~ � • •~~ � X
3_14 

� ... �

4 end

+ N1~~ — Xl i  � B~ + N2 1  
— x2 1  � ... 

~ 
B
~

_
~ 

+ N~_1,1 X
3_1 ,1

+ N
3 1  

— X
i i  

� ~~~~ •
~~ 

83k + Nk i  —

If a reversal occurs, that is, it either

xj_l ,i •c x
3 ,~

or if

+ N~_1,1 
— X3.,1,1 

> 8~ + N
3 ~, 

— X
j  ,~~

,

then we pool. the violators and replace them as shown below.

Replace both Xj_1 ~ 
and Xj  ,~, by ~ ( Xj _ 3 ,j  + X

3 j ) and

end 8
~
_
~ 

+ N3_1 ,~ — x3_1,1 and 8~ + N3 ~ 
— x

3 ~ 
by

+ + 
~~~~~~~~~~~~~~ 

+ N
3 ,i 

- x3_1,i - 

~3

We now test the new sequences to see if they are properly ordered.

If not , we replace the adjacent violators by their appropriate averages .

Thus if
+ X

3,1
) — ~(x3 1  ~ 

+ x3,1
) < x

3~1~~~

then we replace each of the three by- the aver age

+ x3 ,~ + x
3~1,1

).

The s~~~ procedure is used for the (a~ + N3,1 —
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• We follow the above procedure for all time interv als and continue

until all reversals are eliminated. Note that excea~sive pooling will

occur if the relationship (2.2) does not actually hold , or if the environ—

mental conditions are too similar to each other.

Assuming a squared error loss , before pooling, the Bayes estimator

of p* 
~ 

is [see :~3(l978)]
~1,

a + x
-. .1.”. 

• (2.7)3,1 c s + 8 + N .
• 3 j ,i

If we have done some pooling , then the x
3 ~, 

‘s and the (8 3 + N
3 ~) ‘s are

replaced by their appropriate pooled averages.

2.~e. A Model for ~~trapo1ation to Use C~”~c~~~’ ’ 3  Stress.

We shall use the ~~~~~ to estimate P~ ,1 p~~2, ... ‘ 

~~ ,(L/h) ’ the

aver age i~ai1ure rate s unde r the use conditions environment E
~ .

In the absence of any physical or engineering knowledge about the

relationship between the aver age failure rate and the corresponding stress ,

we shall postulate the following simple but reasonable relatiànship

among the average failure rates.

For each value of’ i , 1 1, 2 , ..., (L/h) ,

• P~~j  — + w1p~_1,1 + . .. + V
3~_~~~

)~~
,
1, (2.8)

- 
- 

where v0, v1, .. .,  Wk_1 are unknown constants.

The above relationship states that the aver age failure rate over a

qrticular t ime interval under the environment is a weighted sum of

the average failure rates over the same time ~ aterval. under the environ-

ments Zk l~ 1k—2’ ...~~ B1.

H 
_ _ _ _ _ _ _ _ _ _ _

~~ -: •~•~I 
—
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I ~ Let ire, 
~:i. , ...,;~~~be the leut-squa~se estimators of I,

0~~ 
v~, .. .,

- - - these can be obtained routinely from Equation (2.8) , but with p’ in place
of p~ throughout. Thus for 1 — 1, 2 , ..., (L/h), we have

— + 
~~~~~ 

+ •
~~~

• + 
~~~~~~~ 

(2.9)

as the estimators of the average failure rate under B
~. As a consequence,

A (LfJi)A,
we also have I’~,(L/h)+1 — 

~~l,

An estimator of P (t), the probability of an item surviving to time
t under E

~, the use conditions stress, is

A t/h
P’(t) — 11 (1 — p* ~~1.1 •

where the p’ 
~, 

are given by (2.9) .• u ,

‘i’

-

• 

~I1• 
_

• • • •~
•
•

•
;~~~~

_ •.. •
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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A~ Iflu5trative Real. Life Example.

In this section we shall apply the methodology discussed in the previous

section to some accelerated life test data given by Nelson (1970). These

data represent tI times to breakdown of an insulating fluid subjected

to elevated voltage stress levels. For convenience, we shall consider

here only I~ accelerated voltage levels - 36, 31t , 32, and 30 kilovolts

(ICY’s) . The failure times (in minutes) under the various stress levels

cre given in Table 1. Nelson’s original data correspond to 7 different

stress levels , but some of these contain very few failure t imes and. are

therefore omitted.

We shall assume that the use conditions stress is 28 ICY , and app ly

our approach to estimate the failure distribution of the breakdown times

at this stress.

Following the notation of Section 2 , we shall, choose L to be 100 m m —

•utes, making the total number of time intervals equal to 100. For our

prior parametore we shall, following the discussion in Sections (2.1) end

(2.2)~~choose~~~_ l ,with 81 = l , 8 2 2 , B q 7, aMB~~_].2. Theabove

choice of our prior parameter s 81, B~, 83P and 84 is motivated by an in-

spection of the fai lure times in Table 1. ~~serve that even though the
stress levels decrease successively by only 2 KY’s, the corresponding
change in the failure times from one stress level to the next lower ap-
pears to be more drastic. This may be due to a change in the failure
mechanism as we go to the lover stresses . Note that N

~ 
— 15, 12 — 19,

1
3 •15,and I4—U .

Aftrccmputingthe z 1’sand tbe ($ +1 -x )‘s for3, 3 3,i 34

4 : i~~~ ‘IIi~E~: ~~~~~~~~~ ~~~~~~~~~~~~~~~~~ •~ ‘- 
~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ TI.
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3 — 1, 2 , 3, 1~, I — L, 2, . ...  100 • ,itwi *ftez ~ po’~1 I n~ +.ho .iil.u..nt y b —  S

lators as discussed in Section 2.3 , we obtain the Bayes estimators

using Equation (2 .7 ) .  These values are given in Table 2 , wherein , for

convenience, we have limited ourselves to tine intervals of widt h 5. Ob—

serve that the pooling schene ensures that for each time interval the

the j ,  
~

‘ 4 decrease with increasing stress level. For example, 
~~ ,~~ 

— •

~~~20 — .1250 , and p3,20 .0714 , and •— •

Our next step is to use the entries in Table 2 to obtain estimates of

the w ‘a given in Equation (2.8) . If we designate the 30 ICY level as the

level k( —Is ) of Equation (2.8) , and the 32 , 314, and the 36 ICY levels as

k — 1, k — 2 , and k — 3, respectively , then , the lest squares estimation

of the v’s gives us f o r i — l , 2 , ..., lOO ,

• I - .2360 + .18861 + .13538 41  + .09857

We shall now use the following equation to estimate p 
~
, i — 1, 2 , . .., 100,

wher e u(—5 ) denotes the use condition stress level of 28 KV:

• ;;,~ — .2360 + .1886 p~~1 + .13538 P ; 1 + .09857

An estimate of the surviva l probability at use conditions volta ge of

28 KY is given by
t A

1(t) — n ( 1_ p ; 1).
i—i

The v~~u l T öf ~~
(t ) ,  t — 5 , 10, ..., 100, are given in Table 3, and

plotted in Figure 1.

- • T 
~~ 

‘

~~~~~~~ - 
•; -:

~ •~~~~~~~~~ -~~ --
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Table I,. Times to Breakdown of an
Insu lating Fluid (in Minutes) Under

Variüus Values of the Stress (in ICilovolte).

Stress
36 Kv 34 KV 32 KV 30 KV

L .35 .19 .27 7.74
.59 • .78 .40 17.05
.96 .96 .69 20.146
.99 1.31 .79 21.02

1.69 2.78 2.7~ 22.66
1.97 3.:.5 3,93. 143.110
2.07 4.15 9.88 47. 30
2.58 4.67 13.95 139.07
2.71 4.85 15.93 11414.12
2.90 6.50 27.80 175.88
3.67 7.35 53.2 14 194.90
3.99 8.01 82.85
5. 35 8.27 89.29

13.77 12.06 100.58
25.50 31.75 215.10

32.52
33.9].
36.71 ~~ •

72.89

I
_ _ _  

A
: . .;~~~~~~~... 

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 
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Table 2. Estimated Values p~ ~, 
of the Average

Failure Bates Under Various
• Values of the Stress (in Kilovolts)

Stress

Time Interval 36 XV 314 XV 32 XV

5 .38146 .1724 .0588 .01417
10 .3077 .1429 .081.6 .01e35
15 .3333 .1250 .0667 .0435
20 .3333 .1,250 .07114

25 .3333 .1250 .07114 .0526
30 .5000 .1250 .0769 .0526
35 .5000 .2000 .0769 .0526
Iso .5000 .2500 .0769 .0526
145 .5000 .2500 .0769 .0556

50 .5000 .2500 .0769 .0588
55 .5000 .2500 .0833 .0588
60 .5000 .2500 .0833 .0588
6s .5000 .2500 • .0833 .0588
TO .5000 .2500 .0833 .0588
75 .5000 • 3333 .0833 .0588
80 .5000 .3333 .0833 .0588
85 .5000 .3333 .0909 .0588
90 .57114 .14000 .1290 .0588
95 .5000 .3333 .1000 .0588
100 .5000 .3333 .1000 .0588

I• 
~~~~~~~ - •~~~~~~~~~: 

~~~~
• 

-
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Table 3. ‘Jalues of ~‘{t) at the 28 KY level.

t ~(t)

• 5 .803

10 .650
• 15 .25

20 .4214

25 .343
30 .277

35 .222

Iso .177
145 .1141

50 .112

55 .090

60 .071
65 .057

70

75 .036

80 .028
8~ .022

90 .017
95 .OlIê

100 .011

• I”.,

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~~~~~~~~ . ~~~~~~~~~~~ Ti. ~~~~~~~~~ Ti..



— 
— • .-. 

— 

— •..-••~
. — S ~~~~~~~~~~~~~~

4 ~ I-’ I’.) ~~ ‘ a’. -~3 ~~ ‘.0 o

— ~ 
S I •

~~~~
•_

~~~~,—

- • •

• -

10 0’-
• - - •• 

- •
- 

•

• 
- • ~~~ro

1 -  
- • - • 

• • - •
•

• 
• •

- 
•

• 
. .

• 

~~~~~~~~~~

- 

• - :  - • •

• 
- 

. 

-

- •

¶8

‘1
‘-a S

- • .

- -



-,t~ -“~~~~~~~~~~ —S ~~~ -••- - • - •-•- - .•__•~ —-———S-rn---- . - •~

I
— 17—

4 REFERP2ICES

(1] Barlow , B. E ., D. J. Bartholonev, J. M. Bremaer and H. D. Brunk
- (1972). Statistical Inference Under Order Restrictions. Wiley,
• New York . •

(2] Nelson , V. B. (1970). Statistical methods for accelerated life test
• data — the inverse power Law model. General Electric Research and

Developsent Center Technical Information Series Report No. 71—C—Oil ,L Schenectady, New York.

[3] Prosch.n, F. and Singpurvalla , N. 1). ( 1978). Accelerated life test-
ing - a pragmatic Bayesian approach . To appear , Optimization in
Statist ics . Ed. J. Bustagi. Academic Press , New York.

I
I

I

H : 
- 

•-

~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~:--~ L. —-



______ - 
—5--.———.

- UNCLI.S$I,IED
‘~~~~~~~ T S T TCATIC~T OF ThIS PAGE

REPORT D0CU)*2iTATI~)t1 PACT
‘ . REPORT NUMBER I 2. GOV’T ACCESSION NO. 3. :•:c:’I~ !T”s CATALOG NUMBER

F3U No. X480
__iJOSR No. 78—7 ______________________________

TITLE 
~~. TYP2 OF REPORT & PERIOD COVERED

- — 
• “~~: ~ ~~ . ~~~~~~~~ Technical 2eport

~i~ M ACCELE~A~~D LI~~ T1~~ S i ~ ~~ c”~~ . ru~pon~ NUMB~1
- —— _____________________________________ 

— t .~~ZLO~~~Y ~0
- !.~TH0R( g ) 8. CO~~f  CT 0.1 (~~ 4T NUMBER( s)

5*. 4P’rv~ik Proschen ~OO0114_77_C_O263
iToz~r D. 6ir~ p~rweUa ________________ ;~vo3:~—73—36~T8

;. ~‘ER~’OR~~NG ORGANIZATiON NAMB AND ADDRESS 1.0. FT~OG2A~4 ELEMENT , PROJECT ,
r2,orida State Univer sit ,’, Dept . of’ ~~~~ 

TP.S~ AREA.& WORK UNIT NUMBERS jT&.ilahassoe , FlorIda 32306

~ TL’~LLING OF?ICE NA!~ A 1 )  ADDP1~SS 12. B~’POR~ DATE
- -  - - 

~~~. r~~ ~~ - Noveii~~or , 1978
- , *‘~~ i ’r -  . - roe ~~~~~ 113. L~L~E OF PAGES

____________________________ _____ 18
fT~~~~~~ô~~~~~~c~~cy NAME & ADDRESS (if t~~~~~~FCu1-~ITL CLASS (of this report )

.Lfferent fran Controlling Office) 
I-__ ’ -

~~~~~~~~~~~~~15a. CL~t5SIFICATI0N/DOWNGRADING
________ ______________________________________________________________

T~~~~~ 
IJI~i ~IL~~~~ T ~TEF~~~IT (of this report)
‘~pprove~ for yth].ic rel~ ’se; distribution unli~nitM. .

-
. DISThIBU~IOF 8mATEMB~TT (ot the abstract enter ed~ in 3lo~x 20, if different from

~~~~~~~~
-~3t~at wont s

Accelerated life tests , time transformation functicn , e ivircnaental stress ,
• 3~~ ’sian estimation of failure rates.

ALdTP~~T
In a recent paper , Proechan and Singpurwsl.2 a ( 1978) ha’re proposed a new ap-
rrosch for making infer ences from ace elersted 1i~e tests. T h i r  approach is
significantly different from those that have b~~n ~onsidered in the past , and
~ a activated by what I. actually done in practice. A priori information which
is generally available to the engineer is incorporated under their approach by
adopting a Bayesian point of ‘view. The usual aas~~~tiona about the failure
di~tributicns and the acceleration functions , which are appealing from a ste.
t~stica1 point of view , have been sacrificed to achieve greater reality.

In this paper , we apply this new approach to some real life date arising
I r~~ an ..ccol.ersted lit, test. In the pro cess , ~~ ~~P1s4n °~ f’ ~ ew CPPIO..Ch i~a mamn’r which makes it easy to understand and apply by th. reliability practitioner.
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